Abstract. In this paper, we will calculate the number of Galois extensions of local fields with Galois group A n or S n .
Introduction
Let p be a prime, F a finite extension of p-adic field Q p with [F : Q p ] = m. Let k be its residue field with [k : Z/pZ] = f . It's easy to see that f |m. Let π be a uniformizer of F and e the absolute ramification index of F/Q p . Then m = ef . In this paper let µ l denote the set of l-th roots of unity. All notations are standard if not explained.
Since the number of the extensions of local fields with a given degree inside the fixed algebraic closure is finite, see [2] , one can ask for a formula that gives the number of extensions of a given degree. Krasner [1] gave such a formula, and Serre [6] also computed the number of extensions using a different method. Pauli and Roblot [3] gave the third proof for that formula. Similarly one can also ask for a formula that gives the number of Galois extensions of a given degree. In particular, it is possible to ask for a formula that gives the number of the Galois extensions with the prescribed finite Galois group G. We denote this number by ν(F, G). If G is a p-group with µ p F ,Šafarevič [4] gave an explicit formula for the number of the G-extensions over F :
where d is the minimal number of generators of G. If G is a p-group, and µ p ⊂ F , Yamagishi [7] obtained a formula for ν (F, G) .
In this paper, we will calculate the number of S n -extensions and A n -extensions over F , where S n is the n-th symmetric group and A n is the n-th alternating group.
The cases for n ≥ 5 that are quickly dismissed as S n and A n are not solvable in these cases, and the Galois groups of extensions of local fields are always solvable. So we only need to handle the remaining cases, n ≤ 4. (1) Suppose the prime p = 3; then (1) Suppose the prime p 3; then
otherwise.
Some lemmas
The number of S 2 -extensions and A 3 -extensions of local fields is specified by wellknown results of local class field theory. So we only need to calculate the number of Galois extensions over F with Galois group S 3 , S 4 and A 4 . The following lemma plays an important role in our calculation. 
We can get some Galois extensions from some non-Galois extensions by taking their Galois closure. For example, if G=S 3 , D 8 , A 4 and S 4 , we can choose A to be isomorphic to Z/2Z, Z/2Z, Z/3Z and S 3 , which is the non-normal subgroup of G respectively, and where D 8 is the 2-sylow subgroup of S 4 . By the above lemma, the Galois extensions of F with Galois group S 3 can be gotten by the Galois closure of extensions of degree 3 of F , and the Galois extensions of F with Galois group D 8 , A 4 and S 4 can be gotten by the Galois closure of extensions of degree 4 of F .
Let M (n) denote the set of all extensions of degree n of F . Let Ab(n) denote the set of abelian extensions of degree n of F . Also, let M (G) denote the set of Galois extensions of F with the Galois group G. Let K be the Galois closure of an extension of degree n of F . The Galois group Gal(K/F ) is a subgroup of S n . Obviously the order of Gal(K/F ) must be divided by n. So there are the following two maps:
The two maps are surjective. Any inverse image L of an element K in M (G) is a subfield of K, and L is not a Galois extension of F if G is not an abelian group. In these cases, the Galois group Gal(K/L) is not a normal subgroup of G. So there is the following result.
3. The proof of Theorem 1.1
In the following, we denote m = [F :
, and e is the absolute ramification index of F and q = p f is the number of elements of the residue field of F . (2) For p = 3, by Krasner's theorem [3] ,
Suppose µ 3 ⊂ F ; then
By Lemma 2 Similarly we get ν(F, A 4 ) = 0.
Proof. Let K be an A 4 -extension over F . Since K 4 is a normal subgroup of A 4 , there exists a (unique) Galois subfield F of degree 3 over F , where
It is clear that the natural map of F
2 is an injection since [F : F ] = 3. We consider the action on F * /(F * ) 2 of the Galois group Gal(F /F ). (1) Denote G = Gal(F /F ). Then the following result holds:
As we've already noted injectivity, it remains to show that the natural map is surjective. Let a ∈ F * /(F * ) 2 be a fixed point of Gal(F /F ) and a = 1 in
is a Galois extension over F , where a represents a lifting of a in F * . There isn't an order-2 normal subgroup in S 3 , so
Let F be the fixed field of the normal subgroup Z/3Z. There exists an element
2 ; then there are the following two cases:
In (ii),
It is easy to see that
Consider K as an extension over F ; there exist 7 subfields with order 2 over F which are one-to-one correspondents to {y, σy, σ 2 y, yσy, σyσ 2 y, yσ
The Gal(F /F )-orbits are {y, σy, σ 2 y}, {yσy, σyσ 2 y, yσ 2 y}, and {N F /F (y)}. So any (A 4 × Z/2Z)-extension over F is in form of (ii) and
(ii) Suppose µ 3 ⊂ F , F is the unique unramified extension and 3 totally ramified extensions of degree 3 over F , so
if µ 4 F and m is even and f = 1, 2 2m − 1 otherwise.
Proof. By Krasner's theorem [3] ,
By the local class field theory and the dual theory of the finite abelian group, the following equation holds: 
is exact. The third map is a → a 2 . So
Suppose µ 4 ⊂ F ; then (4) ν(Q p , S n ) = ν(Q p , A n ) = 0 (n 5).
